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Abstract: 

Let G be a connected graph and S a minimum total edge dominating set of G. A subsetT ⊆ Sis 
called aforcing subset for S if S is the unique minimum total edge dominating set containing T. A 
forcing subset for S of minimum cardinality is a minimum forcing subset of S. Theforcing total 
edge domination number of S, denoted byfγte

(S), is the cardinality of a minimum forcing subset 

of S. The forcing total edge domination number of G, denoted byfγte
(G), isfγte

(G) =

min {fγte
(S)}, where the minimum is taken over all minimum total edge dominating sets S in G. 

Some general properties satisfied by this concept are studied. Connected graphs with forcing 
total edge domination number 0 or 1 are characterized. Some realization results are given. 
 
Keywords: total edge domination number, forcing edge domination number, forcing total edge 
domination number. 
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1.   Introduction 

All graphs under our consideration are 
finite, undirected, without loops, multiple 
edges and isolated vertices. Terms not defined 
here are used in the sense of Harary [3].A 
concept of edge domination was introduced by 
Mitchell and Hedetniemi [4].An edge 
dominating set S of G is called a total edge 
dominating set of G if 〈S〉 has no isolated 
edges. The total edge domination 
numberγ

te
(G)of Gis the minimum cardinality 

taken over all total edge dominating sets of G.  

 
We also introduce the concept of the forcing 
total edge domination number fγte

(G)of a 

connected graph G with at least 3 vertices. Let 
G be a connected graph and S a minimum total 
edge dominating set of G. A subset T ⊆ S is 
called a forcing subset for S if S is the unique 
minimum total edge dominating set containing 
T. A forcing subset for S of minimum 
cardinality is a minimum forcing subset of S. 
The forcing total edge domination number of 
S, denoted by fγte

(S), is the cardinality of a 
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minimum forcing subset of S. The forcing 
total edge domination number of G, denoted 

by fγte
(G), is fγte

(G) = min {fγte
(S)}, where 

the minimum is taken over all minimum total 
edge dominating sets S in G. For forcing 
domination number we refer to [1]. 
Definition 1.1  
 Let G be a connected graph and S a 
minimum total edge dominating set of G. A 
subsetT ⊆ Sis called aforcing subset for S if 
S is the unique minimum total edge 
dominating set containing T. A forcing 
subset for S of minimum cardinality is a 
minimum forcing subsetof S. Theforcing 
total edge domination number of S, denoted 
byfγte

(S), is the cardinality of a minimum 

forcing subset of S. The forcingtotal edge 
domination number of G, denoted byfγte

(G), 

isfγte
(G) = min {fγte

(S)}, where the 

minimum is taken over all minimum total 
edge dominating sets S in G.  
Example 1.2 
For the graph G given in Figure 1,S =
{v4v5, v5v2}is the unique minimum total 
edge dominating set of G so thatfγte

(G) = 0 

and for the graph G given in Figure 2,S1 =
{v3v5, v2v3, v3v4}, S2 = {v3v5, v2v3, v1v2} 
and S3 = {v3v5, v3v4, v1v4} are the only 
three minimum total edge dominating sets of 
G such thatfγte

(S1) = 2 and fγte
(S2) =

fγte
(S3) = 1so thatfγte

(G) = 1. 

 

 
The next theorem follows immediately from 
the definition of the total edge domination 
number and the forcing total edge 
domination number of a connected graph G. 
Theorem 1.3 
For every connected graph G,0 ≤ fγte

(G) ≤

γ
te

(G).  
Remark  1.4 
The bounds in Theorem 1.3 are sharp. For 
the graphG given in Figure 1,fγte

(G) = 0and 

for the graphG = Kn, fγte
(G) = γ

te
(G) = 2. 

Also, all the inequalities in Theorem1.3 are 
strict. For the graphGgiven in Figure 
2,fγte

(G) = 1and γ
te

(G) = 3. Thus0 <

fγte
(G) < γ

te
(G). 

Theorem 1.5 
LetG be a connected graph. Then 

(a) fγte
(G) = 0if and only if G has a 

unique minimum total edge 
dominating set. 

(b) fγte
(G) = 1if and only ifGhas at least 

two minimum total edge dominating 
sets, one of which is a unique 
minimum total edge dominating set 
containing one of its elements, and 

(c) fγte
(G) = γ

te
(G)if and only if no 

minimum total edge dominating set 
ofG is the unique minimum total 
edge dominating set containing any 
of its proper subsets. 

Proof 
(a) Letfγte

(G) = 0. Then, by 

definition,fγte
(S) = 0for some minimum 

total edge dominating set S ofG so that the 
empty set ϕis the minimum forcing subset 
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for S. Since the empty set ϕ is a subset of 
every set, it follows that Sis the unique 
minimum total edge  dominating set of G. 
The converse is clear. 

(b)  Let fγte
(G) = 1. Then by part (a),G 

has at least two minimum total edge 
dominating sets. Also, sincefγte

(G) = 1, 

there is a singleton subset T of a minimum 
total edge dominating set S of G such that 
Tis not a subset of any other minimum total 
edge dominating set ofG. Thus Sis the 
unique minimum total edge dominating set 
containing one of its elements. The converse 
is clear. 

(c)  Letfγte
(G) = γ

te
(G). Thenfγte

(S) =

γ
te

(G)for every minimum total edge 
dominating set SinG. Since m ≥ 2, γ

te
(G) ≥

2 and hencefγte
(G) ≥ 2. Then by part (a), 

Ghas at least two minimum total edge 
dominating sets and so the empty set ϕis not 
a forcing subset for any minimum total edge 
dominating set ofG. Sincefγte

(S) = γ
te

(G), 

no proper subset of S is a forcing subset of 
S. Thus no minimum total edge dominating 
set ofG is the unique minimum total edge 
dominating set containing any of its proper 
subsets. Conversely, the data implies thatG 
contains more than one minimum total edge 
dominating set and no subset of any 
minimum total edge dominating sets S other 
than S is a forcing subset for S. Hence it 
follows thatfγte

(G) = γ
te

(G).  

Definition 1.6 
An edge e of a connected graph G is said to 
be a total edge dominating edge of G if e 
belongs to every minimum total edge 
dominating set of G. If G has a unique 
minimum total edge dominating set S, then 
every edge of S is a total edge dominating 
edge of G.  
Example 1.7 
For the graph G given in Figure 1, S =
{v4v5, v5v2}is the unique minimum total 
edge dominating set of G so that both the 

edges in S are total edge dominating edges 
of G.  For the graph G given in Figure 2, an 
edge v3v5 belongs to every minimum total 
edge dominating set of G. Therefore v3v5 is 
the unique total edge dominating edge of G.    
Theorem 1.8 
Let G be a connected graph and let ℑ be the 
set of relative complements of the minimum 
forcing subsets in their respective minimum 
total edge dominating sets in G. Then ⋂ FF∈ℑ  
is the set of  total edge dominating edges of 
G. 
Corollary 1.9 
Let G be a connected graph and S a 
minimum total edge dominating set of G. 
Then no total edge dominating edge of G 
belongs to any minimum forcing set of S. 
Theorem 1.10 
Let G be a connected graph andX be the set 
of all total edge dominating edges of G. 
Then fγte

(G) ≤ γ
te

(G) − |X|. 

Remark 1.11 
The bound in Theorem 1.10 is sharp. For the 
graph G given in Figure 1,   
γ

te
(G) = 2, |X| = 2, fγte

(G) = 0 and 

γ
te

(G) − |X| = 0 so that fγte
(G) = γ

t
(G) −

|X|. Also the bound in Theorem 1.10 is 
strict. For the graph G given in Figure 2, 
γ

te
(G) = 3, |X| = 1, fγte

(G) = 1 and 

γ
te

(G) − |X| = 2 so that fγt
(G) < γ

t
(G) −

|W|.  
In the following we determine the  forcing 
total edge domination number of some 
standard graphs. 
 
Theorem 1.12 
For any graph G = Pn(n ≥ 3), fγte

(G) =

{
0 if  n ≡ 1(mod 4)and n ≠ 3
2 if n ≡ 3(mod 4) 
1 if n is even and n ≠ 6

 

Proof 
LetE(Pn)be {v1v2, v2v3, … , vn−1vn}. 
Case 1.nis odd. 
Subcase i. Letn = 3. 
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ThenS = {v1v2, v2v3} is the unique 
minimum total edge dominating set of G, so 
thatfγte

(G) = 0. 

Subcase ii. Letn ≡ 3(mod 4). 
Letn = 4k + 3, k ≥ 1. Let Sbe anyγ

te
-set of 

G. Then it is easily verified that any 
singleton subset of S is a subset of another 
γ

te
-set of G and sofγte

(G) ≥ 1. NowS1 =

{v1v2, v2v3, v5v6, v6v7, v9v10, v10v11, … , v4k+1v4k+2, v4k+2v4k+3}i
s aγ

te
-set of G. S1is the unique γ

te
-set of G 

containing{v1v2, v4k+2v4k+3} so 
thatfγte

(G) = 2. 

Subcase iii. Letn ≡ 1(mod 4). 
Letn = 4k + 1, k ≥ 1. ThenS =
{v2v3, v3v4, v6v7, v7v8, … , v4k−1v4k, v4kv4k+1}
 is the unique minimum total edge 
dominating set of G, so thatfγte

(G) = 0. 

Case 2.nis even. 
Subcase i. Letn = 6. 
ThenS = {v2v3, v3v4, v4v5} is the uniqueγ

te
-

set of G, so thatfγte
(G) = 0. 

Subcase ii. Letn ≡ 0(mod 4). 
Letn = 4k, k ≥ 1. ThenS = {v1v2, v2v3,
v5v6, v6v7, … , v4k−3v4k−2, v4k−2v4k−1} is 
the uniqueγ

te
-set of Gcontaining{v1v2}, so 

thatfγte
(G) = 1. 

Subcase iii. Letn ≡ 2(mod 4). 
Letn = 4k + 2, k ≥ 2. ThenS =
{v2v3, v3v4, v6v7, v7v8, … , v4k−2v4k−1, v4k−1v4k, v4kv4k+1}
is the uniqueγ

te
-set of 

Gcontaining{v4k−2v4k−1} so thatfγte
(G) = 1.

 ∎ 
Theorem 1.13 
For any graph G = Cn, (n ≥ 3), fγte

(G) =

{
4 if n ≡ 2(mod 4)
2 otherwise

 

Proof 
Let Cnbe v1, v2, … , vn, v1.  

Case 1.nis odd. 
Subcase i. Letn + 1 ≡ 0(mod 4). 
Letn = 4k − 1, k ≥ 1. Let S be anyγ

te
-set 

of G. Then it is easily verified that any 
singleton subset of S is a subset of another 

γ
te

-set of G and sofγte
(G) ≥ 1. NowS1 =

{v1v2, v2v3, v5v6, v6v7, v9v10,   
v10v11, … , v4k−3v4k−2, v4k−2v4k−1}is the 
unique γ

te
-set of G 

containing{v1v2, v4k−2v4k−1} so 
thatfγte

(G) = 2. 

Subcase ii. Letn − 1 ≡ 0(mod 4). 
Letn = 4k + 1, k ≥ 1. Let S be any γ

te
-set 

of G. Then it is easily verified that any 
singleton subset of Sis a subset of another 
γ

te
-set of G and sofγte

(G) ≥ 1. NowS1 =

{v1v2, v2v3, v5v6, v6v7, v9v10, v10v11, … , v4k−3v4k−2, v4k−2v4k−1, v4k−1v4k}

is the unique γ
te

-set of G 
containing{v4k−3v4k−2, v4k−1v4k} so 
thatfγte

(G) = 2. 

Case 2.nis even.  
Subcase i. Letn ≡ 0(mod 4). 
Letn = 4k, k ≥ 1. Let Sbe any γ

te
-set of G. 

Then it is easily verified that any singleton 
subset of S is a subset of another γ

te
-set of G 

and sofγte
(G) ≥ 1. 

NowS1 =

{v1v2, v2v3, v5v6, v6v7, v9v10, v10v11, … , v4k−3v4k−2, v4k−2v4k−1} 
is the unique γ

te
-set of G 

containing{v1v2, v2v3}so thatfγte
(G) = 2. 

Subcase ii. Letn ≡ 2(mod 4). 
Letn = 4k + 2, k ≥ 1. Let S be any γ

te
-set 

of G. Then it is easily verified that any one 
element or two element or three element 
subset of S is a subset of another γ

te
-set of 

G. NowS1 = {v1v2, v2v3, v3v4, v4v5,
v7v8, v8v9, v11v12, v12v13, … , v4k−1v4k,
v4kv4k+1}is the unique γ

te
-set of G 

containing{v1v2, v2v3, v3v4, v4v5} so 
thatfγte

(G) = 4. ∎ 

 
Theorem 1.14 
For the complete graphG = Kn(n ≥
3),fγte

(G) = 2. 

Proof 
Sincen ≥ 3, there exists at least two γ

te
-sets 

of G so thatfγte
(G) ≥ 1. Let S be any γ

te
-set 
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of G such that|S| = 2. It is easily verified 
that any singleton subset of S is a subset of 
another γ

te
-set of G, so thatfγte

(G) = 2.  

 
Theorem 1.15[2] 
Let G be a connected graph and W be the set 
of all edge dominating edges of G. Then 
fγe

(G) ≤ γ
e
(G) − |W|. 

In the following the forcing edge domination 
number and the forcing total edge 
domination number of a graphG are related. 
Theorem 1.16 
For any integer a ≥ 2, there exists a 
connected graph G such thatfγte

(G) =

fγe
(G) = a. 

Proof 
LetP: x, yandPi: ui, vi (1 ≤ i ≤ a) be paths of 
order 2. Let G be a graph obtained 
fromPi (1 ≤ i ≤ a) and P by joining x with 
eachui (1 ≤ i ≤ a) and y with eachvi (1 ≤
i ≤ a). The graph G is shown in Figure 3. 

 
First we show thatγ

e
(G) = a + 1. It 

is easily observed that an edge xy belongs to 
every minimum edge dominating set of 
Gand soγ

e
(G) ≥ 1. Let 

Hi = {xui, uivi, yvi} (1 ≤ i ≤ a). Also it is 
easily seen that every edge dominating set of 
Gcontains at least one edge ofHi (1 ≤ i ≤
a)and soγ

e
(G) ≥ a + 1. NowS = {xy} ∪

{u1v1, u2v2, … , uava} is an edge dominating 
set of G so that 
γ

e
(G) = a + 1. 

Next we show that fγe
(G) = a. By 

Theorem1.15,fγe
(G) ≤ γ

e
(G) − {xy} = a +

1 − 1 = a. Now sinceγ
e
(G) = a + 1 and 

every minimum edge dominating set of 
Gcontains{xy}, it is easily seen that everyγ

e
-

set of Gis of the formS = {xy} ∪
{p1q1, p2q2, … , paqa}, wherepiqi ∈ Hi (1 ≤
i ≤ a). Let T be any proper subset of Swith 
|T| < a. Then there exists an edgepjqj (1 ≤

j ≤ a)such thatpjqj ∉ T. Letrjsj be an edge 
of Hj distinct frompjqj. ThenS1 =

{(S − {pjqj}) ∪ {rjsj}} is aγ
e
-set of G 

properly containing T. Therefore T is not a 
forcing subset of G. Hence it follows 
thatfγe

(G) = a. 

 Next we claim thatγ
te

(G) = a +

1.Let Gi = {xui, yvi} (1 ≤ i ≤ a). It is easily 
seen that an edge xy belongs to every 
minimum total edge dominating set of G 
andso γ

te
(G) ≥ 1. Also every total edge 

dominating set of G contains at least one 
element ofGi (1 ≤ i ≤ a)and soγ

te
(G) ≥

a + 1. NowS = {xy} ∪ {yv1, yv2, … , yva} is 
a total edge dominating set of G so 
thatγ

te
(G) = a + 1. 

Next we show that fγte
(G) = a.  By 

Theorem1.10,fγte
(G) ≤ γ

te
(G) − {xy} =

a + 1 − 1 = a.Now sinceγ
te

(G) = a + 1 
and every minimum total edge dominating 
set of G contains{xy} and at least one 
edgeofGi (1 ≤ i ≤ a), it is easily seen that 
everyγ

te
-set of Gis of the formS = {xy} ∪

{xc1, xc2, … , xca}, wherexci ∈ Gi (1 ≤ i ≤
a). Let T be any proper subset of Swith|T| <
a. Then there exists an edgexcj (1 ≤ j ≤

a)such thatxcj ∉ T. Letxdj be an edge ofGj 
distinct fromxcj. Then 

S1 = {(S − {xcj}) ∪ {xdj}} is aγ
e
-set of G 

properly containing T. Therefore T is not a 
forcing subset of S. Hence it follows 
thatfγte

(G) = a. 
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Theorem1.17 
For every paira, b of integers with0 ≤ a 
≤ b, there exists a connected graph Gsuch 
thatfγte

(G) = a andfγe
(G) = b. 

Proof 
LetP: x, y, 
Pi: ui, vi(1 ≤ i ≤ a)andQi: ri, si (1 ≤ i ≤
b − a) be paths of order 2. Let Hbe a graph 
obtained from PandPi(1 ≤ i ≤ a) by joining 
x with each ui(1 ≤ i ≤ a) and ywith 
eachvi(1 ≤ i ≤ a). Let H′ be a graph 
obtained fromQi (1 ≤ i ≤ b − a) by adding 
new vertex z and joining zwitheachri (1 ≤
i ≤ b − a). Let G be a graph obtained from 
H and H′ by joining xand z. The graph Gis 
shown in Figure 4. 

 
First we claim thatγ

e
(G) = b + 1. 

LetHi = {xui, yvi, uivi}(1 ≤ i ≤ a)and 
Ri = {zri, risi}(1 ≤ i ≤ b − a). It is easily 
observed that an edge xybelongs to every 
minimum edge dominating set of Gand 
soγ

e
(G) ≥ 1. Also it is easily seen that 

every edge dominating set of G contains at 
least one edge ofHi(1 ≤ i ≤ a) and at least 
one edge ofRi(1 ≤ i ≤ b − a) and so 
γ

e
(G) ≥ 1 + a + b − a = b + 1.NowS =

{xy} ∪ {u1v1, u2v2, . . . , uava} ∪
{r1s1, r2s2, . . .,  
rb−asb−a}is an edge dominating set of G 
so thatγ

e
(G) = b + 1. 

Next we show thatfγe
(G) = b. By 

Theorem1.10,fγe
(G) ≤ γ

e
(G) − {xy} = b +

1 − 1 = b. Sinceγ
e
(G) = b + 1 and every 

edge dominating set of Gcontains {xy}, it is 
easily seen that everyγ

e
-set of G is of the 

formS = {xy} ∪ {c1d1, c2d2, . . . , caua} ∪
{g1h1, g2h2, . . . , 
gb−ahb−a}wherecidi ∈ Hi (1 ≤ i ≤ a) 
andgihi ∈ Ri (1 ≤ i ≤ b − a). Let T be any 
proper subset of Swith|T| < b. Then it is 
clear that there exists some i and j such 
thatT ∩ Hi ∩ Rj = ϕ, which shows 
thatfγe

(G) = b. 

Next we show thatγ
te

(G) = b + 1. 
LetZi = {xui, yvi} (1 ≤ i ≤ a)andX =
{xy, zr1, zr2, . . . , zrb−a}. It is easily observed 
thatXis a subset of every minimum total 
edge dominating set of Gand soγ

te
(G) ≥ b −

a + 1. Also it is easily seen that every total 
edge dominating  set of G contains at least 
one edge ofZi (1 ≤ i ≤ a) and soγ

te
(G) ≥

b − a + 1 + a. 
NowS = X ∪ {xu1, xu2, . . . , xua} is a total 
edge dominating set of G so thatγ

te
(G) =

b + 1. 
Next we claim thatfγte

(G) = a. By 

Theorem1.10,fγte
(G) ≤ γ

te
(G) − |X| = b +

1 − (b − a + 1) = a. Now sinceγ
te

(G) =

b + 1and every minimum total edge 
dominating set of Gcontains X, it is easily 
seen that everyγ

te
-set of G is of the formS =

X ∪ {xc1, xc2, . . . , xca}wherexci ∈
Zi(1 ≤ i ≤ a). Let T be any proper subset of 
Swith|T| < a. Then there exists 
anedgexcj(1 ≤ j ≤ a) such thatxcj ∉ T . Let 
xdj be anedge of Zj distinct fromxcj. 

ThenS1 = {(S − {xcj}) ∪ {xdj}} is aγ
te

-set 

of G properly containing T. Therefore T is 
not a forcing subset of S. This is true for 
allγ

te
-sets of G. Hence it follows 

thatfγte
(G) = a. 

Similarly we have proved the following 
realization results.  
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Theorem1.18 
For every paira, bof integers with0 ≤ a 
≤ b there exists a connected graph G such 
thatfγe

(G) = aand fγte
(G) = b. 

 
Theorem 1.19 
For any integera ≥ 2, there exists a 
connected graph G such thatfγte

(G) =

0andfγe
(G) = a. 

Theorem 1.20 
For any integera ≥ 2, there exists a 
connected graph G such thatfγte

(G) = a 

andfγe
(G) = 0. 

Open Problem 1.21 
For every four positive integers a, b, c, d 
with 2 ≤ a ≤ b, c ≥ 0 and d ≥ 0, does there 
exists a connected graph G with γ

e
(G) = a, 

γ
te

(G) = b, fγe
(G) = c and fγte

(G) = d? 
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